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ABSTRACT  In this study the model of Shemin and Rittenberg for estimating 
the life span of red blood cells was extended so that non-steady-state conditions, 
exemplified by growth or changing  physiological states,  might  be considered. 
The parameters were estimated by use of the modified Gauss-Newton method. 
The  biological  data  that  were  used  came  from  growing  sheep  in  different 
physiological states with regard to copper. The model was extended to include 
changes in total blood hemin and changes in  blood hemin synthesis that may 
occur with  time.  In  the  present  study a  linear  function was  taken  as  a  first 
approximation.  The model appeared  to  be a  sufficiently good approximation 
in  the study reported herein.  It was found, however, that  the parameters as- 
sociated with  changes  in  hemin  should  be estimated  from ancillary measure- 
ments such as blood volume, Hb, body weight, etc., in order to obtain a  good 
fit or definition of the model. 
INTRODUCTION 
In  a  previous report  (1)  a  modification of the model of Shemin  and  Ritten- 
berg  (2)  for estimating  the life span of red  blood cells was  developed for the 
"steady-state"  or  mature  animal.  The  basic  assumption  in  these  models 
and in other models for estimating life span of the red Mood cells is that cell 
production  remains  constant.  In  non--steady-state  conditions  exemplified 
by  growth  or  changing  physiological  states  this  basic  assumption  of  these 
models is invalidated.  The objective of this study was  to extend the previous 
model  so that  life span  could be estimated for situations  where red  cell pro- 
duction  was  not  constant,  i.e.,  specifically  for  the  growing  animal  and  for 
animals  with  incipient  or  frank  copper deficiency. For  this  purpose  use was 
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made  of the  modified Gauss-Newton  method  as  described  by  Hartley  (3) 
in obtaining estimates of the parameters of the model in an objective way. 
MATERIALS  AND  METHODS 
The experimental subjects were six lambs which were separated from their dams at 
3  weeks  of age  and fed  cow's milk from nippled bottles over a  period  of 4  weeks. 
TABLE  I 
BASAL DIET 
Ingredient  Per cent  of diet 
Casein  20.0 
Glucose*  24.2 
Starch  23.0 
Hyd. veg. fat*  4.0 
Cellulose§  3.0 
Alfalfa  5.0 
Vitamin mix[]  5.0 
KHCO8  4.0 
NaHCO a  6.0 
CaCO 3  1.0 
CaHPO4  1.8 
Mineral mix¶  3.0 
The basal +  Cu diet was supplemented with 47.5 mg CuSO4  (anhyd.)/kg 
and the basal +  Zn diet was supplemented with 941.9 mg ZnO/kg. 
* Crystalline glucose, Corn Products Sales Co., Norfolk, Virginia. 
Grateful acknowledgment is made to The Procter and Gamble Co.,  Cin- 
cinnati, Ohio, for Primex BC  (pure vegetable shortening). 
§ Alpha cellulose cotton linter pulp. 
[] Vitamin mixture/45.36 kg diet: thiamine HC1, 400 mg; riboflavin, 850 rag; 
nicotinic acid, 1.13 gin; Ca pantothenate, 1.42 gm; pyridoxine HC1, 570 nag; 
folic acid, 57 mg; p-aminobenzoic acid, 1.13 gin; inositol, 11.35 gin; biotin, 
11.4 mg; choline chloride, 113.45 gm; menadione (2-methylnaphthoquinone), 
115 mg; 0.1 per cent vitamin B 12 (with mannitol), 4.66 gm; alpha-tocopherol 
acetate, 570 rag; glucose, 2132 gm. Acknowledgment is gratefully made to 
Hoffmann-LaRoche, Inc., Nutley, New Jersey,  for the biotin. Merck and 
Co.,  Inc., Rahway,  New Jersey,  generously supplied the  other  vitamins. 
Administered 4000 IU of A and 400 IU of D/day/45.36 kg body weight by 
capsules generously contributed by R. P. Scherer Corp., Detroit, Michigan. 
¶ Mineral mixture per kilogram diet: 1.14 gm KCI; 0.99 gm NaC1; 0.85 gm 
MgSO4; 0.039 gm ZnO; 58 mg MnSO4.HOH; 0.36 nag COCO8; 0.24 mg KI; 
26.5 gm cerelose. 
Thereafter,  the lambs were changed over to the experimental diets.  The basal diet 
was a  purified diet developed for ruminants (Table I). The average copper content 
of the basal diet during the experimental period ranged from 0.91  to  2.03  ppm on 
the dry matter basis. The experimental dietary variables were as follows: (a)  basal 
diet, lambs 34 and 35,  (b) basal diet plus 8 ppm of copper, lambs 33 and 38,  (c) basal 
diet plus 400 ppm of zinc, lambs 36 and 39. The lambs were housed in all-aluminum 
cages  without  bedding  (4).  Distilled  water  in  polyethylene pails  was  maintained M. W. CARTER, G. MATRONE, AND C. METZLER  Life  of  Red Blood  Cells  59 
before the animals constantly. The feed was served in stainless steel pails.  The lambs 
were weighed weekly. 
Copper  was determined  biweekly  by the  procedure  described  by  Matrone  et  al. 
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FmtTRE 1.  Observed counts per minute per milligram hemin  (circles)  of sheep in dif- 
ferent physiological states and the fitted curves relating counts per minute per milligram 
hemin as a function of time (days). The first four parameters were fitted. The values of B 
and  C were obtained  from ancillary measurements. 
(5)  on plasma  of heparinized  blood taken from the jugular vein.  Blood volume was 
determined  at the beginning and the end of the experimental  period  by the method 
of Gregersen  (6).  Administration  of 2-C  14 glycine  (93  #c/animal),  preparation  and 
counting  of hemin,  and  hemoglobin  determination  were  as  described  earlier  (7). 
The time for administering  2-C  x4 glycine label was determined  by the plasma copper 
levels of the animals fed the low copper diets.  The specific activities observed  in the 
heroin of the six sheep are indicated in curves of Figs.  I and 2 under Results. 60  THE  JOURNAL  OF  GENERAL  PHYSIOLOGY  •  VOLUME  49  "  1965 
THE  MODEL  AND  METHOD  OF  FITTING 
The model of Shemin and Rittenberg  (2)  was modified to the following in- 
tegral equation.  Since  the data to be used are expressed  in specific activity 
in heme the parameters in the model are expressed in these terms. 
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FIGURE  2.  Observed counts per minute per milligram heroin  (circles)  of sheep in dif- 
ferent physiological states and the fitted curves relating counts per minute per milligram 
hemin as a  function of time (days). The first five parameters were fitted.  The value of C 
was obtained from ancillary measurements. 
where 
C(t)  =  concentration of "tag" in heroin at time, t  _>  O; t  =  0  at the time 
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k  =  a  proportionality  constant  associated  mainly  with  initial  concen- 
tration  of label;  also  related  to  concentration  in  heme  formed  at 
time 0 relative to concentration  in precursor  pool. 
g(O)  =  rate of heme synthesis at time,  0; 0  _<  0  _<  t 
f(O)  =  concentration of tag in the hemin synthesized at time, 0; 0  _<  0  _<  t; 
f(O)  is  proportional  to  the  concentration  of the  tagged  precursor 
at time 0. 
4~(t)  =  1  -F(t)  =  probability  that  a  cell  formed  at  time,  t  --  0,  will 
survive  until  time,  t;  q~(t)  is  the  cumulative  survival  distribution 
and F(t)  is the cumulative mortality distribution. 
h(t)  --  total heme in the animal  at time,  t. 
Thus  the proportionality  constant  in  Shemin's  model,  which  included  the 
red  blood cell  production  as  a  constant,  has  been redefined  or divided  into 
two parts:  (a)  a  proportionality  constant with different meaning  and  (b)  the 
red  cell  production  as  a  function  of time.  In  addition  to  these  changes  it 
will be noted that the total heme has been made a  function of time, h(t),  and 
is not a  constant. 
A  finite  sum  approximation  was  developed  for  the  numerical  solution  of 
the  integral  equation  which  is  similar  to  that  developed  by  Carter  et  al. 
(1).  The  form  of the  equation  will  be  given  under  Results.  The  modified 
Gauss-Newton  method  for  fitting  non-linear  regression  functions  by  least 
squares,  as described by Hartley (3), was used for obtaining the least squares 
estimates. 
In this study the corrections for the parameters  for each iteration were ob- 
tained  using  numerical  estimates  of the first partial  derivatives.  The  change 
in  each parameter  for the numerical  estimation  of the derivatives  was  1 per 
cent of the values of the parameters  at the start of each iteration. 
The  quadratic  form  suggested  by Hartley  (3)  was  used  at  each  iteration 
to obtain  the values of the parameters  for the next iteration.  This was done 
to help insure convergence. 
The  criterion  used for judging  the completion of the iterative  process was 
that  none  of the  corrections  of parameters  was  larger  than  5  per  cent  and 
that  the change in sum of squares for residual was also not larger  than  5  per 
cent. 
RESULTS 
In order to obtain a  solution of equation  (1), specific forms off(0), g{0),  and 
h(t)  were assumed as follows: 
f(o)  =  ~e  -°1~  (2) 
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t 
4~(t  --  O)  =  1  --  F(t)  where  F(t)  =  %/2--~a  2  ~  dr,  (4) 
h(t)  =  C  +  Bt  (5) 
Thus  in  equation  (2)  a  negative exponential  was  assumed  to  express  the 
disappearance of tagged precursor from the pool where ~  is a  constant deter- 
mined  primarily by the dilution  of the tagged  precursor at  t  =  0  and  A  is 
determined  almost  entirely  by  metabolism  of  the  precursor  for  processes 
other  than  hemoglobin formation.  A  linear  function,  equation  (3),  was  as- 
sumed to be an adequate first approximation to the rate of heine formation. 
In this case c is the rate of heine formation at the time of the administration 
of the label,  and  b is  the change in  heme production per unit time.  The  # 
and a  in equation  (4) are the average life of the red blood cell and the stand- 
ard deviation of the life of the red blood cell, respectively. The expression for 
the  total  heine in  the system at  time  t  given by  equation  (5)  included  the 
parameters  C  and  B,  where C  is  initial  heine and  B  is  the change in  total 
heine in per unit time. 
The same formula for numerical integration was used as described by Car- 
ter et  al.  (I)  except that  Q was redefined to be as follows:-- 
f1"-[-1 e-°/a( c  Q  =  +  bO)  dO  (6) 
~T 
and ~/was redefined as O.ot/h(t). 
It was desired to evaluate c and b in terms of the parameters/z,  0-, B,  and 
C.  Since C(t)  can only be evaluated by numerical integration,  the following 
discrete-time functional form was assumed for g(O) : 
N 
g(O')  =  B  -t-  Y]~g(O'  --  i)P(i),  0'  =  1, 2,  ....  (7) 
i=1 
where P(i)  are probabilities  from the normal density function.  B  represents 
N 
heine formation  needed for  growth  and  ~  g(O'  -  i)P(i)  represents  heine 
i=1 
formation needed to replace dying ceils, therefore, 
~P(i)  =  1,  P(i)  >_  0 
Y~JP(i)  =  IZ,  N  =  #  +  4a 
Equation  (7) is a  difference equation of order N  whose general solution is of 
the form 
g(O')  =  Ca ~o'  ..~  C2 ~2  °'  +  ...  -Jr  C~  ON  °'  +  B  O' 
p  (8) M.  W.  CARTER, G.  MATRONE, AND  C.  METZLER  Life  of Red Blood Cells  6  3 
where the/3~ are roots of the determinantal  equation 
--  P(1)5  ~v-z .....  P(N-  1)13 --  P(N)  =  0  (9) 
and  the  C~ are determined  by initial  conditions  on  expression  (8).  It is seen 
that  13x  =  1 is a  root of equation  (9)  and it can be shown that  all other roots 
have moduli less than unity, i.e., 
1¢~1<1  for  i=2,3,...,N. 
Thus as 0' increases g(O')  approaches  C1  +  B/lz(O'). 
An explicit solution for C~ in terms of the other parameters was not obtained. 
When it was assumed that for N  days preceding 0  =  0  the rate of formation 
of heine was  C#  -~,  simulation  on  the computer  of equation  (7)  for differing 
values of #,  ~,  C,  and B  indicated that 
C1 ~  C/z  -1 -  B(0.5/z  -{- 4a)/z  -1. 
Letting 0'  =  0  -  N, expression  (8) is, for 0 sufficiently large, 
g( O)  =  Ctz  -1 --  B(0.5/x q- 4cr)/~  -1 -t- B( O -1-  N)I~  -~  =  Ctz  -~ q- 0.5B q- B#-~O. 
Thus c  ~  C/Ix  "1- 0.5B and  b  _~ B/#.  Some of the results of the simulation 
for g(0')  are  shown  in  Fig.  3.  From  these  curves  it  may  be  seen  that  the 
actual  values of g(O')  vary about  C1  +  B/#O'  in  an  oscillatory manner,  the 
period  of the  oscillations  being  #  and  the  distance  of the  oscillations  from 
CI  +  B/#(O')  becoming  smaller  as  O'  (time)  increases.  It  is  interesting  to 
note  that  the  increasing  q  decreases  the  magnitude  of the  oscillations. 
The  curves  obtained  from  the  fits  are  shown  in  Figs.  1  and  2.  In  Fig.  1 
are the results obtained where B  and  C  (consequently also b and c) were held 
constant. The values for B were obtained from the biological data using hemo- 
globin  and  blood  volume.  Since  the  blood  volume  determinations  were 
somewhat variable  the  initial  and  final  blood volumes were  fit to  the  form 
suggested  by  Brody  (8).  The  following  formula  resulted  and  was  used  in 
this study: 
BL  =  1.137(M)  °'266  (10) 
where, BL  =  blood in kilograms; M  =  body weight in kilograms. 
The values of B and b used in obtaining the least squares fit shown in Fig.  1 
included,  in  addition  to  the  change  in  heine  associated with  the  growth  of 
the animal,  that associated with the sampling of blood during the experiment. 
The  curves of Fig.  2  were obtained  by iteration  of parameter  B  in  addition 
to those parameters fitted in obtaining the curves of Fig.  1, Thus in the curves 
only parameter  C was held constant. 64  THE  JOURNAL  OF  GENERAL  PHYSIOLOGY  •  VOLUME  49  •  I965 
It is apparent from Figs.  1 and 2 that the model fit the observed data quite 
well for  those  animals  with  the  longer  life span  (sheep  33,  35,  36,  and  38). 
It is interesting  to note that with the model used here it is possible to obtain 
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FIGURE 3.  Results of four simulations ofg(0').  The solid line is Ct +  B/#(O'), estimated 
from the graph of g(0'). 
"plateaus"  which  are sloping  positively or negatively  as is  evident from  the 
fitted curves of sheep 35,  33, and  39. 
The values of the parameters  obtained  in fitting  both 4  and  5  parameters 
are given in Figs.  1 and  2.  The standard  errors  of these parameters  are pre- 
sented in Table  II.  From the size of the standard  errors  it appears  that  4  of 
the  parameters  were  obtained  with  reasonable  precision.  However,  the  es- 
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the resulting estimate has a  large standard error. Thus the estimation of this 
parameter from the  biological data  was  probably  more precise. 
The reduction of the sum of squares of residual was small and non-signifi- 
cant for every curve giving further evidence that  the B's  obtained from the 
biological data were sufficiently good estimates and that little if anything was 
gained by the fitting of B. 
For  the data  obtained  from animals  with  the  shorter  life span,  however, 
it is apparent that the model is not adequate. This can be seen by comparing 
TABLE  II 
STANDARD  DEVIATIONS  OF  ESTIMATED  PARAMETERS* 
Sheep No. 
Parameter  34  35  33  38  36  39 
Iteration  on 4  parameters 
A  4-0.69  4-0.50  -4-0.58  4-0.72  4-0.54  4-0.77 
/z  4-2.10  4-2.80  4-2.80  4-1.60  4-2.97  -4-1.90 
~r  4-2.81  4-3.74  =f=3.60  4-2.60  4-3.90  4-2.46 
k  4-110.20  4-273.30  4-111.70  4-34.10  4-146.00  4-56.00 
Residual  SS  321  444  168  79  205  100 
Iteration  on 5  parameters 
A  4-0.96  4-0.63  4-0.90  4-0.95  4-0.76  4-1.20 
/z  4-3.24  -+-2.96  =1=3.48  4-1.80  4-5.60  4-2.25 
cr  4-3.55  4-4.07  4-4.60  4-2.60  4-5.30  4-3.19 
k  4-202.30  =5290.10  4-145.30  4-73.90  4-250.90  4-87.98 
B  =I=63.30  4-23.85  4-35.80  4-16.70  4-31.30  4-36.80 
Residual  SS  312  401  159  71  200  100 
* Values  of parameters  are shown in Figs.  1  and 2. 
the observed specific  (obs.)  activity and  the calculated specific activity  (ex- 
pected) from the  108th day to the  198th.  The deviations between these two 
(obs.-exp.)  is  not random in  this  range.  It is  apparent  that  this is  due to a 
persistence of the label beyond that called for by the model. 
DISCUSSION 
The inclusion of a function to allow for non-steady state in the case of changes 
in production of red blood cells and for changes in total circulating red blood 
cells  appears  to  provide  a  means for  the  consideration of growing animals. 
In the study here a  linear approximation was used to approximate this func- 
tion.  Although  a  linear  function  is  certainly  not  the  general  form  of this 
function, it appeared to be a  sufficiently good approximation in the study re- 
ported herein.  If other forms are to be used they should be of such a  nature 
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taken  on  the  animal  other  than  that  which  is  observed for the  tagged  cells. 
For unless  a  greater  reduction  of experimental  error  can  be obtained  in  the 
data,  the  data  will  be found  too  inadequate  for  the  definition  of a  model 
with more than  five parameters.  In fact,  as indicated in the present data the 
definition  of the model where 5  parameters  were fitted was not good. 
In  non-steady-state  conditions,  therefore,  it  is  important  that  ancillary 
measurements  be  taken  which  give  measurement  of  the  non-steady  state. 
In  this  way part  of the  parameters  need  not  be fit  and  the  more  complex 
model can be used. 
The  persistence  of the  label,  especially in  the  animals  which  exhibited  a 
shortened life span, may be due to an actual persistence of the tag in the pre- 
cursor  pool  or  due  to  reincorporation  of part  of the  label  as  the  cells  die. 
In  a  study conducted by N.  I.  Berlin  (9)  in which he followed the excretion 
of the label from glycine-C 14 by hippuric  acid,  it was reported  that  the label 
did  persist  for  some  time.  It  was  indicated  in  this  study  that  a  double  ex- 
ponential  was necessary to fit the disappearance of the label from the system. 
It  may  be  that  it will  be necessary  to  include  a  double  exponential  in  the 
model rather than  the single used herein. 
Reincorporation  of  C 14  may  be  the  most  reasonable  explanation  since 
the label  persisted  to the  198th  day.  However, it must  be remembered  that 
the curve for persistence of label is translated  by a  distance  #,  and  label in- 
corporated at any time, t, will be found in the system at a future time, t  +  #  -t- 
g.  The persistence might  also be due to a  combination  of both.  If extensions 
are to be made in the model to include these it becomes apparent that another 
and  possibly two  more  parameters  will  be  necessary.  Thus  in  addition  to 
taking  measurements  which  will  give  information  of blood  cell  production 
(heine)  it may be necessary to use the hippuric  acid  technique  (9)  and  pos- 
sibly other such additional  criteria  to obtain estimates of part of the parame- 
ters before fitting the data. 
It is interesting  to note that the curves with a  linear  portion which sloped, 
after  reaching  the  maximum,  fit  the  observed  data  very well.  Assumptions 
of random  death  during  this  phase  followed by age-dependent  process  will 
not give curves of this type. 
The  curves  reported  by Cornelius  et  al.  (10)  for  the  wild  sheep  had  two 
plateaus.  This  strange  result might  well be explained  by shifts in  heme pro- 
duction  due  to  shifts  in  altitude  and  environment  (non-steady  state).  From 
our limited investigation into rates of heme production  (Fig.  3) it is apparent 
that it takes more than  a few weeks for shifts in heme production to stabilize. 
The  relationship  of B  to  b,  which  resulted  from  assuming  equation  (7), 
is interesting.  It was found that  the b  ~  B/#,  a  result which is in agreement 
with  the  biological fact that  for an  animal  to maintain  an  observed change 
in total  heme of B  he must only maintain  a  change in rate of production  in 
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When shifts occur, oscillations in heme production are smaller in a  system 
with a  larger spread in the death distribution.  This may be beneficial to the 
animal since adjustment to the new state would be less demanding. 
The technique of least squares fit of the data obtaining the estimates of the 
parameters from the whole set of data, rather than breaking the curve up into 
different sets,  is  certainly more objective.  It is  suggested  that  where digital 
computers are available,  this technique should be used. 
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